We investigate theoretically the mode-locking properties of an erbium-doped birefringent fiber laser in a unidirectional cavity containing an optical isolator. The mode-locking is achieved through nonlinear polarization rotation. The approach is based on a master equation which takes explicitly into account the angles between the eigen axis of the fiber at each side of the polarizer. The stability conditions of both the stationary and localized solutions are determined. This allows to establish a stability diagram versus the angles which gives the domains where the laser operates in continuous, mode-locked or unstable regime. The model also allows to calculate the pulse duration together with the pulse energy as a function of the orientation of the eigen axis of the fiber with respect to the polarizer.
I. INTRODUCTION
Additive pulse mode-locking through nonlinear polarization rotation has been successfully used to obtain stable selfmode-locking in rare-earth doped fiber lasers ͓1-3͔. The experimental configuration consists in a unidirectional ring cavity containing a polarizer placed between two polarization controllers. The basic principle responsible for the mode-locking is the following. The polarization state of a pulse evolves nonlinearly along a birefringent fiber due to the combined effects of self-phase and cross-phase modulation ͓4͔ induced on the two orthogonal polarization components, both resulting from optical Kerr effect. A polarization controller is adjusted at the exit of the fiber in such a way that the polarizing isolator lets the central intense part of the pulse pass but blocks the low-intensity pulse wings. Depending on the orientation of the polarization controllers, stable and passive mode-locking can be achieved. This technique of generation of ultrashort pulses can be used either for positive and negative group-velocity dispersion and has been observed using a great variety of rare earth such as erbium, neodymium, or ytterbium. Several theoretical approaches to this problem have been proposed. Among them, we can cite the model developed by Haus and co-workers ͓5-7͔ which consists in writing a phenomenological scalar equation assuming that all effects per pass are small. The model takes into account the group-velocity dispersion ͑GVD͒, the optical Kerr nonlinearity and a gain medium. It does not include any birefringence of the fiber neither any polarization controller. However, it allows to describe the mode-locking properties of the laser. Its main advantage is that it is relatively simple and a major drawback is that it does not allow to investigate the operating regime of the laser as a function of the position of the polarization controllers. Indeed, different regimes can be experimentally obtained such as continuous, Q-switch, mode-lock or unstable ͓8͔. In a recent paper ͓9͔, we have proposed a more general model which takes into account the group-velocity dispersion, the optical Kerr nonlinearity, a gain medium, the birefringence of the fiber, and the orientation of the eigen axis of the fiber at each side of the polarizing isolator ( ϩ and Ϫ ). The configuration studied involves two half-wave plates, instead of polarization controllers ͑cf. Fig. 1͒ . This particular case is more convenient than the general one because it has only two degrees of freedom ͑one orientation angle for each phase plate͒ instead of four. In its final form, the model reduces to a master equation similar to that derived by Haus except that the coefficients explicitly depend on the orientation angles of the eigen axis of the fiber at each side of the polarizer. Our model has been successfully used in the case of a passively modelocked ytterbium-doped double-clad fiber laser ͓9͔. Indeed, depending on ϩ and Ϫ , the model predicts continuous, mode-lock or unstable operating regime. The resulting theoretical stability diagram is in very good agreement with the experimental one ͓8͔. The ytterbium fiber laser operating around 1.05 m belongs to the positive group-velocity dispersion case. Since our master equation has given good results in this case, it is of importance to investigate the case of negative group-velocity dispersion.
The aim of this paper is to investigate theoretically the mode-locking properties of an erbium-doped fiber laser operating at 1.55 m. The mode-locking is achieved through nonlinear polarization rotation in a unidirectional ring cavity containing a polarizer placed between two half-wave plates.
In relation with our previously published work ͓9͔, the change of the sign of the chromatic dispersion has strong structural consequences. Indeed, in the present case, the explicit localized solutions of the master equation can be effectively stable. A stability condition has been determined ͓10͔. Therefore, we are able to predict not only the operating mode of the laser, but also the pulse characteristics, which is impossible in the case of positive GVD. The paper is organized as follows. In Sec. II, we briefly report the derivation of the master equation describing the evolution of the amplitude of the electric field for a large number of round trips in the ring cavity. The different regimes of the master equation ͑station-ary solution and short pulse solution͒ will be examined in Sec. III together with their stability. Results are conveniently summarized in a stability diagram in the plane ( ϩ , Ϫ ) which gives the regions of stable mode-locking, stable continuous operation, and unstable regimes. Sec. IV is devoted to the determination of both the pulse energy and the pulse duration, thus, allowing to optimize the mode-locked laser.
II. THE MASTER EQUATION
The system under study is schematically represented in Fig. 1 . It consists of a ring cavity formed by an erbiumdoped fiber laser pumped at 980 nm through a multiplexer. The fiber is characterized by the following parameters: length Lϭ9 m, GVD ␤ 2 ϭϪ0.002 ps 2 m Ϫ1 , nonlinear coefficient ␥ϭ0.002 W Ϫ1 m Ϫ1 , and birefringence K ϭ0.1 m Ϫ1 . A polarizing isolator allows both to obtain a travelling-wave laser and to achieve a mode-lock regime for a suitable orientation of the two half-wave plates which are placed at both sides of the isolator. The phase plates allow to modify the orientation of the eigen axis of the fiber at each side of the polarizer. In the following, we denote by ϩ and Ϫ the angles between the eigen axis of the fiber and the passing axis of the polarizer, respectively, after and before the polarizer.
The starting point of the derivation of the master equation are the equations giving the evolution of the two polarization components in a gain medium with Kerr nonlinearity and GVD. In the framework of the eigen axis of the birefringent fiber moving at the group-velocity, the pulse envelope evolution is described by the following system ͓3,9,11͔:
where ‫ץ‬ t denotes the partial derivative operator ‫ץ/ץ‬ t . The parameter ␤ 2 ͑in ps 2 /m) is the GVD coefficient.
is the birefringence parameter and is related to the x and y refractive indexes through the relation Kϭ(n x Ϫn y )/, where is the optical wavelength. ␥ϭ2n 2 /(A e f f ) is the nonlinear coefficient, n 2 ͑in m 2 /W) is the nonlinear index coefficient, and A e f f ͑in m 2 ) the effective core area of the fiber. A and B are the dielectric coefficients. In isotropic media, Aϭ2/3 and Bϭ1/3 ͓11͔. The parameter g is the saturated gain coefficient ͑in m Ϫ1 ) and g is the spectral gain bandwidth ͑in ps Ϫ1 ). At first order the gain coefficient is fixed by the fact that it compensates the losses.
We report only the outline of the derivation of the master equation ͓9͔. First, we assume that the GVD ␤ 2 , the nonlinear coefficient ␥, the gain filtering ϭg/ g 2 are small quantities ͑of order ) with respect to the gain g and the birefringence K. This allows to solve the propagation problem using a first-order perturbative approach, as
and an analogous expression for v(z). Just after the polarizer, the field amplitude has a well-defined linear polarization parallel to the polarizing axis
͑4͒
We denote, thus, by f n the amplitude at the beginning of the nth round trip. Then f nϩ1 is computed as a function of f n using the approximate propagation relations ͑3͒, to yield
with
͑7͒
␤ is the transmission coefficient of the polarizer. The threshold gain value g 0 is determined by the requirement that the amplitude f n attains some steady state over a large number of round trips, which implies that ͉ f nϩ1 ͉ ϭ͉ f n ͉. At leading order 0 this gives
͑8͒
A small excess gain g 1 , such that gϭg 0 ϩg 1 , is allowed. g 1 is still free. Equation ͑5͒ then becomes
where e i denotes the quantity ␤e g 0 L Q, which has a modulus one due to Eq. ͑8͒.
Since we are mainly interested in the evolution of the amplitude f n over a large number of round trips n, it is convenient to approximate the discrete Eq. ͑9͒ by a continuous one, to be satisfied by a function f of some continuous vari-
͑10͒
where
At leading order, the solution of Eq. ͑10͒ is
The knowledge of the small correction O() in Eq. ͑12͒ on finite propagation distances z is equivalent to the knowledge of the evolution of the leading amplitude F on very large propagation distances zϰ1/. This is proven using the multiscale expansion formalism ͓12͔, through the introduction of a slow variable ϭz. The long-distance evolution of F is
where D r and D i are the real and imaginary parts of D.
Recall that the ''propagation distances'' z or represent in fact numbers of round trips. Equation ͑13͒ is the cubic complex Ginzburg-Landau ͑CGL͒ equation. Notice that Eq. ͑13͒ is formally identical to the master equation proposed by Haus et al. ͓7͔ . However, the coefficients of Eq. ͑13͒ explicitly depend on the orientation of the eigen axis of the fiber at both sides of the polarizer. An essential feature is the arising of an effective nonlinear gain or absorption D i , that results from the combined effects of the nonlinear rotation of the polarization, the losses due to the polarizer, and the linear gain. The value and the sign of D i depend on the angles ϩ and Ϫ .
III. SOME EXPLICIT SOLUTIONS OF THE CGL EQUATION
In this section, we are interested in finding some particular solutions of the CGL equation and to study their stability.
A. Stationary solution
The CGL equation admits the following nonzero stationary solution, i.e. with a constant modulus
In the particular case ⍀ϭ0, the above solution is a constant. Its amplitude A, assumed to be real for sake of simplicity, and its wave vector k have the determined values
respectively. Notice that this solution exists only if D i g 1 is negative. In Ref.
͓9͔, in the case of the ytterbium laser, we have shown that the constant solution is stable when D i Ͻ0 only. Neither the solution ͑14͒ nor the analysis of its stability depend on the sign of the chromatic dispersion. Thus, the above result is valid here. Further, continuous laser emission occurs when the constant solution is stable. The domain of continuous emission coincides, thus, with the regions where D i is negative. The sign of D i as a function of the angles ( ϩ , Ϫ ) is drawn on Fig. 2 . The study has been limited to the region 180°ϫ180°according to the periodicity of the solution. The hatched domains in Fig. 2 correspond to the negative values of the nonlinear gain D i . Continuous laser emission occurs in these domains.
B. Localized solutions
In this section, we are interested in solutions of Eq. ͑13͒ describing short pulses, which we call localized solutions and unstable above this curve. When the nonlinear gain D i or D is negative, no such condition is known at this time. The nonzero constant solution is stable in this case for a positive excess of linear gain g 1 , allowing to conclude to continuous laser emission. However, a situation where bistability between continuous and mode-locked emission occurs can be envisaged. This means that the mode-locking will not be self-starting. It will be considered in further study. to stable self-starting mode-locking because the stationary solution is unstable. In the gray domains the stationary solution is stable and the laser spontaneously operates in cw regime. However, because we do not have information about the stability of the pulses in these regions, the laser also could operate in mode-locking regime if a perturbation is applied. This point deserves further theoretical investigation. Finally, in the hatched regions, both the stationary and the localized solutions are unstable. The laser is expected to operate in chaotic or Q-switch regime.
At this stage, significant differences appear in comparison with the ytterbium laser ͓8,9͔. Especially, the domains of self-starting mode-locking are considerably reduced. In addition, bistability between the continuous and the mode-locked regime is not excluded in the present case, while no bistability was observed in the ytterbium-doped fiber laser.
IV. PULSE CHARACTERISTICS
When the explicit localized solution ͑20͒ of the CGL Eq. ͑13͒ is stable, it works as an attractor in the sense that any other solution goes close to it after a long enough propagation distance ͑or number of round trips͒. Therefore the actual laser pulse is expected to be correctly described in shape and size by Eq. ͑20͒.
All quantities in the expression of the pulse are explicitly known, excepted the excess of linear gain g 1 . The latter self adjusts to a value yielding a steady state over numerous round trips. This mechanism is determined by the saturation of the gain, which is not taken into account by the model developed above and by the master equation ͑13͒. Introducing gain saturation as an external condition allows us to determine completely the characteristics of the pulse.
A. Pulse energy
We first compute the energy as a function of the orientation angles ( ϩ , Ϫ ). At zero order, the saturated gain of the medium is
where gЈ is the unsaturated gain, W S the saturation energy, and E the pulse energy. Relation ͑28͒ allows to extract the pulse energy provided that the threshold gain value g 0 is known. It has been computed in Sec. II from the fact that the gain must compensate the losses, and is given by relation ͑8͒.
For the numerical simulations, we take gЈϭ1.26 m Ϫ1 and W S ϭ0.1 pJ. The results are presented in Fig. 5 which gives the evolution of E in the plane ( ϩ , Ϫ ). We can notice that the energy strongly varies with ϩ and Ϫ . The most energetic pulses are obtained in the vicinity of (0°,0°) ͓equiva-lent to (180°,180°)] and (90°,90°). In these regions, the energy is about 10 pJ. This value is very close to the one reported by Haus et al. ͓6͔ . Our results show that the orientation of the eigen axis of the fiber at each side of the polarizer must be performed carefully because it has a great importance on the resulting energy.
B. Pulse duration
Another important characteristic of a mode-locked laser is the pulse duration. In the configuration investigated in this paper, the pulse duration depends on the angles ( ϩ , Ϫ ). The pulse duration is calculated from relation ͑23͒. In normalized units, it writes FIG. 4 . Stability diagram exhibiting the operating regime of the laser in the plane ( ϩ , Ϫ ). In the gray region, the constant nonzero solution is stable and stability of the mode-locked solution is not known. The white region corresponds to stable mode-locking. In the hatched domain, both solutions are unstable.
FIG. 5. Evolution of the pulse energy in the plane ( ϩ , Ϫ ). In the hatched region the energy is above 10 pJ, in the gray region the energy is between 5 pJ and 10 pJ and in the black region the energy is below 5 pJ. In the white region, either the pulse are unstable, or their stability is not determined and continuous emission occurs, see Fig. 4 .
The expression ͑24͒ of M involves the excess gain g 1 , which is not known. M can also be found through the computation of the pulse energy Eϭ͉͐F͉ 2 dt. Integrating the square modulus of expression ͑20͒, we find
Since the energy E has been obtained using relations ͑28͒, and N is explicitly given by Eq. ͑25͒, we obtain the expression of the pulse duration t 0 ͑in ps͒
where W S is in pJ. Fig. 6 shows the evolution of t 0 versus the angles ϩ and Ϫ . Theoretical results show that t 0 undergoes large variations as ϩ and Ϫ vary. Only small regions lead to ultrashort pulses. This is due to the fact that for these values of the angles the top of the pulse undergoes lower losses than the wings. The shortest pulse width predicted by our model is about 90 fs. This lowest value depends on fiber characteristics. In particular, the spectral gain bandwidth takes a prominent part because it can directly limit the pulse duration. Beyond ⌬Ӎ15 nm, the pulse duration does not change when ⌬ is varied. In this case, the limitation is due to the GVD. Below ⌬Ӎ15 nm, the pulse width increases when ⌬ decreases. The pulse duration is then limited by the spectral gain bandwidth. In addition, we can notice that the shortest pulses are obtained for the same values of the angles ϩ and Ϫ which maximize the pulse energy. This result is important because it means that both parameters ͑duration and energy͒ can be optimized simultaneously.
V. CONCLUSION
We have derived a master equation that describes the mode-locking properties of an erbium-doped birefringent fiber laser in a unidirectional cavity containing an optical isolator. The master equation is of CGL type, its coefficients depend explicitly on the angles between the eigen axis of the fiber at each side of the polarizer. Indeed, the mode-locking is achieved through nonlinear polarization rotation, which is taken into account in the model. The dependency of the laser properties with regard to the angles is, thus, explicitly taken into account by the master equation.
The CGL equations admits several explicit solutions, among which two are of interest here: the nonzero constant solution and the localized one. Using the known stability conditions of these solutions, we have been able to predict the operating mode of the laser as a function of the angles. This yields a stability diagram versus the angles which gives the domains where the laser operates in continuous, modelocked or unstable regime.
Furthermore, the explicit localized solution is expected to describe the actual laser pulse. When gain saturation is taken into account, the model therefore allows to compute the pulse characteristics, especially its duration and its energy. The results are given as functions of the orientation of the eigen axis of the fiber with respect to the polarizer. A maximum energy of about 10 pJ, with a minimum duration of about 90 fs have been obtained. The domains of the angular parameters for which mode-locking occurs are small. The regions of maximum energy in these domains coincide with the regions of minimum pulse duration. Optimization is obtained this way in two small regions in each 180ϫ180 degrees period of the angular parameters.
Additional theoretical work is needed to fully characterize the stability of the pulses when the nonlinear gain is negative. 6 . Evolution of the pulse duration in the plane ( ϩ , Ϫ ). In the hatched region the duration is above 1 ps, in the gray region it is between 0.5 and 1 ps and in the black region below 0.5 ps. The white region has the same meaning as in Fig. 5 .
